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SOCLE EQUIVALENCES OF WEIGHTED SURFACE ALGEBRAS
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Abstract. We describe the structure and properties of the finite-dimensional symmetric algebras over an
algebraically closed fieldK which are socle equivalent to the general weighted surface algebras of triangulated
surfaces, investigated in [14]. In particular, we prove that all these algebras are tame periodic algebras of
period 4. The main results of this paper form an essential step towards a classification of all symmetric
tame periodic algebras of period 4.
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1. Introduction and the main results
Throughout this paper, K will denote a fixed algebraically closed field. By an algebra we mean an
associative finite-dimensionalK-algebra with an identity. For an algebra A, we denote by modA the category
of finite-dimensional right A-modules and by D the standard duality HomK(−,K) on modA. An algebra
A is called self-injective if AA is injective in modA, or equivalently the projective modules in modA are
injective. A prominent class of self-injective algebras is formed by the symmetric algebras A for which there
exists an associative, non-degenerate symmetric K-bilinear form (−,−) : A × A → K. Classical examples
of symmetric algebras are provided by the blocks of group algebras of finite groups and the Hecke algebras
of finite Coxeter groups. In fact, any algebra A is the quotient algebra of its trivial extension algebra
T(A) = A ⋉D(A), which is a symmetric algebra. Two self-injective algebras A and B are said to be socle
equivalent if the quotient algebras A/soc(A) and B/soc(B) are isomorphic.
Let A be an algebra. Given a module M in modA, its syzygy is defined to be the kernel ΩA(M) of a
minimal projective cover of M in modA. The syzygy operator ΩA is a very important tool to construct
modules in modA and relate them. For A self-injective, it induces an equivalence of the stable module
category modA, and its inverse is the shift of a triangulated structure on modA [20]. A module M in modA
is said to be periodic if ΩnA(M)
∼= M for some n ≥ 1, and if so the minimal such n is called the period of
M . The action of ΩA on modA can effect the algebra structure of A. For example, if all simple modules in
modA are periodic, then A is a self-injective algebra. An algebra A is defined to be periodic if it is periodic
viewed as a module over the enveloping algebra Ae = Aop ⊗K A, or equivalently, as an A-A-bimodule. It is
known that if A is a periodic algebra of period n then for any indecomposable non-projective module M in
modA the syzygy ΩnA(M) is isomorphic to M .
Finding or possibly classifying periodic algebras is an important problem. It is very interesting because
of connections with group theory, topology, singularity theory and cluster algebras (for details, we refer to
the survey article [10] and the introductions of [2, 11]). In particular, it is known that the stable Auslander
algebra of a hypersurface singularity of finite Cohen-Macaulay type (in arbitrary characteristic) is a periodic
algebra of period dividing 6 [4, 7] (see also [19] for classification of these singularities). Periodic algebras
have periodic Hochschild cohomology. Periodicity of an algebra, and its period, are invariant under derived
equivalences [23] (see also [10]). Therefore to study periodic algebras we may assume that the algebras are
basic and indecomposable.
We are concerned with the classification of all periodic tame symmetric algebras. In [6] Dugas proved
that every representation-finite self-injective algebra, without simple blocks, is a periodic algebra. We note
that, by general theory (see [27, Section 3]), a basic, indecomposable, non-simple, symmetric algebra A is
representation-finite if and only if A is socle equivalent to an orbit algebra T(B)/G of the trivial extension
algebra T(B) of a tilted algebra B of Dynkin type An(n ≥ 1), Dn(n ≥ 4), E6, E7, E8 with respect to
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free action of a finite cyclic group G. The representation-infinite, basic, indecomposable, periodic algebras
of polynomial growth were classified by Bia lkowski, Erdmann and Skowron´ski in [2] (see also [26, 27]).
In particular, it follows that every basic, indecomposable, representation-infinite, periodic symmetric tame
algebra of polynomial growth is socle equivalent to an orbit algebra T(B)/G of the trivial extension algebra
T(B) of a tubular algebra of type (2, 2, 2, 2), (3, 3, 3), (2, 4, 4), (2, 3, 6) (introduced by Ringel [24]) with
respect to free action of a finite cyclic group G. It is well known that every periodic algebra of period 1
or 2 is representation-finite. Moreover, it was recently shown in [17, Theorem 3.1] that there is a unique
representation-infinite tame symmetric periodic algebra of period 3, the preprojective algebra of Dynkin
type D4 in characteristic 2, which is an algebra of polynomial growth. It would be interesting to classify
all indecomposable periodic symmetric tame algebras of non-polynomial growth. It is conjectured in [11,
Problem] that every such an algebra is of period 4. Classical examples of such algebras are provided by
algebras of quaternion type introduced by Erdmann in [8] (see also [10, 21]). Recently, new large class of tame
symmetric periodic algebras of period 4 occurred as the weighted surface algebras associated to triangulations
of compact real surfaces, these and their deformations are investigated in [11]–[16]. We mention that there
exist also wild symmetric periodic algebras of period 4, which arise as stable endomorphism rings of cluster
tilting Cohen-Macaulay modules over isolated curve singularities [14, Corollary 2] (see also [5, 7]).
In this article we study the basic, indecomposable, symmetric algebras which are socle equivalent to general
weighted surface algebras as defined in [14, 15]. In particular, forK of characteristic 2, these algebras provide
a new class of tame symmetric periodic algebras of period 4. We describe now the main results of the paper.
In this paper, by a surface we mean a connected, compact 2-dimensional real manifold S, orientable or
non-orientable, with or without boundary. Then S admits a structure of a finite 2-dimensional triangular cell
complex, and hence a triangulation. We say that (S, ~T ) is a directed triangulated surface if S is a surface,
T is a triangulation of S with at least 2 edges, and ~T is an arbitrary choice of orientations of triangles in T .
To such (S, ~T ) one associates [11] a triangulation quiver (Q, (S, ~T ), f), where Q(S, ~T ) is a 2-regular quiver,
that is every vertex is a source and target of exactly two arrows. The vertices of this quiver are the edges of
T , and f is a permutation of arrows in Q(S, ~T ) reflecting the orientation ~T of triangles in T . Since Q(S, ~T )
is 2-regular, there is a second permutation g of arrows in Q(S, ~T ) related to f by the canonical involution of
arrows. If O(g) is the set of g-orbits of arrows in Q(S, ~T ) we may consider two functions m• : O(g)→ N
∗ and
c• : O(g) → K
∗, called weight and parameter functions, satisfying certain conditions. Then the weighted
surface algebra Λ(S, ~T ,m•, c•) is a quotient algebra KQ(S, ~T )/I(S, ~T ,m•, c•) of the path algebra KQ(S, ~T )
of Q(S, ~T ) over K by an ideal I(S, ~T ,m•, c•) of KQ(S, ~T ) [14, 15]. Moreover, if the border ∂S of S is not
empty, we may consider the set ∂(Q(S, ~T ), f) of border vertices corresponding to the boundary edges of T ,
and a function b• : ∂(Q(S, ~T ), f)→ K, called a border function. Then we define the socle deformed weighted
surface algebra Λ(S, ~T ,m•, c•, b•) as a quotient algebra KQ(S, ~T )/I(S, ~T ,m•, c•, b•) of KQ(S, ~T ) by an ideal
I(S, ~T ,m•, c•, b•), see Section 2 for details. Throughout of the article we assume that Λ(S, ~T ,m•, c•) is not
the singular disc algebra D(1) introduced in [14, Example 3.1]. We note that such an algebra is not periodic
[14, Theorem 1.3].
The following three theorems are the main results of the paper.
Theorem 1.1. Let Λ = Λ(S, ~T ,m•, c•, b•) be a socle deformed weighted surface algebra over an algebraically
closed field K, with non-zero border function b•. Then the following hold:
(i) Λ is a finite-dimensional symmetric algebra.
(ii) Λ is socle equivalent to Λ(S, ~T ,m•, c•), and isomorphic if K is of characteristic different from 2.
(iii) Λ is a tame algebra.
(iv) Λ is a periodic algebra of period 4.
Theorem 1.2. Let A be a basic, indecomposable, symmetric algebra with Grothendieck group K0(A) of rank
at least 2 over an algebraically closed field K. Assume that A is socle equivalent to a weighted surface algebra
Λ(S, ~T ,m•, c•).
(i) If the border ∂S of S is empty, then A is isomorphic to Λ(S, ~T ,m•, c•).
(ii) Otherwise, A is isomorphic to Λ(S, ~T ,m•, c•, b•) for some border function b• of (Q(S, ~T ), f).
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Theorem 1.3. Let Λ = Λ(S, ~T ,m•, c•, b•) be a socle deformed weighted surface algebra with non-zero bor-
der function b• over an algebraically closed field K of characteristic 2. Then the following statements are
equivalent:
(i) Λ is isomorphic to the weighted surface algebra Λ(S, ~T ,m•, c•).
(ii) Λ is isomorphic to an algebra Q(2B)t3(b) with t even and b ∈ K
∗.
Here, Q(2B)t3(b) is an algebra of quaternion type with two simple modules from [8] (see Section 9 for
details).
The paper is organized as follows. In Section 2 we introduce the socle deformed weighted surface algebras
and describe their basic properties. In Section 3 we prove that these are periodic algebras of period 4,
completing the proof of Theorem 1.1. Section 4 is devoted to the proof of Theorem 1.2. In Sections 5, 6,
7 we provide technical reductions results for the proof of Theorem 1.3. In Sections 8 and 9 we classify the
socle equivalences for two special classes of algebras of quaternion type with two simple modules. In the final
Section 10 we complete the proof of Theorem 1.3. For general background on the relevant representation
theory we refer to the books [1, 8, 25, 28].
2. Socle deformed weighted surface algebras
Recall that a quiver is a quadruple Q = (Q0, Q1, s, t) where Q0 is a finite set of vertices, Q1 is a finite set
of arrows, and where s, t are maps Q1 → Q0 associating to each arrow α ∈ Q1 its source s(α) and target
t(α). We say that α starts at s(α) and ends at t(α). We assume throughout that any quiver is connected.
Let Q be a quiver. We denote by KQ the path algebra of Q over K. The underlying space has basis
consisting of the set of all paths (of length > 0) in Q. Let RQ be the ideal of KQ generated by all paths
in Q of length > 1. For each vertex i ∈ Q0, let ei be the path in Q of length 0 at i, then the ei are
pairwise orthogonal primitive idempotents, and their sum is the identity of KQ. We will consider algebras
of the form A = KQ/I where I is an ideal in KQ which contains RmQ for some m > 2, so the algebra A is
finite-dimensional and basic. The Gabriel quiver QA of A is then the full subquiver of Q obtained from Q
by removing all arrows α with α+ I ∈ R2Q + I.
A quiver Q is 2-regular if for each vertex i ∈ Q0 there are precisely two arrows starting at i and two
arrows ending at i. Such a quiver has an involution (−) : Q1 → Q1 such that for each arrow α ∈ Q1, the
arrow α¯ is the arrow 6= α with s(α¯) = s(α).
A triangulation quiver is a pair (Q, f) where Q is a (finite) connected 2-regular quiver, with at least two
vertices, and where f is a fixed permutation on the set of arrows Q1 such that t(α) = s(f(α)) for any arrow
α ∈ Q1, and f
3 is the identity. The permutation f uniquely determines a permutation g on Q1, defined by
g(α) = f(α) for any arrow α ∈ Q1.
It was proved in [11] (see also [18]) that the triangulation quivers are precisely the quivers (Q, (S, ~T ), f)
constructed from a triangulation of a compact real surface S, with or without boundary, and where ~T is an
arbitrary choice of orientation of triangles in T .
Let (Q, f) be a triangulation quiver. For each arrow α ∈ Q1, we denote by O(α) the g-orbit of α in Q1,
and set nα = nO(α) = |O(α)|. We denote by O(g) the set of all g-orbits in Q1. Following [11], a function
m• : O(g)→ N
∗ = N \ {0}
is called a weight function of (Q, f), and a function
c• : O(g)→ K
∗ = K \ {0}
is called a parameter function of (Q, f). We write briefly mα = mO(α) and cα = cO(α) for α ∈ Q1. We say
that an arrow α of Q is virtual if mαnα = 2 (see [14, Definition 2.6]). Following [14], we assume that any
weight functions m• of (Q, f) satisfies the following conditions:
(1) mαnα > 2 for all arrows α ∈ Q1,
(2) mαnα > 3 for all arrows α ∈ Q1 such that α¯ is virtual and α¯ is not a loop,
(3) mαnα > 4 for all arrows α ∈ Q1 such that α¯ is virtual and α¯ is a loop.
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Condition (1) is a general assumption, and (2) and (3) are needed to eliminate some small algebras (see [14,
Section 3]). For each arrow α ∈ Q1, we fix
Aα := αg(α) . . . g
mαnα−2(α), the path along the g-cycle of α of length mαnα − 1,
Bα := αg(α) . . . g
mαnα−1(α), the path along the g-cycle of α of length mαnα.
A loop α in Q1 with f(α) = α is said to be a border loop and the vertex s(α) a border vertex, of (Q, f).
We denote by ∂(Q, f) the set of all border vertices of (Q, f), and call it the border of (Q, f). Assume ∂(Q, f)
is not empty. A function
b• : ∂(Q, f)→ K
is said to be a border function of (Q, f).
The following is the corrected version of Definition 2.8 of [14]. The details for the correction are given in
[15].
Definition 2.1. Let (Q, f) be a triangulation quiver with ∂(Q, f) not empty, and m•, c•, b• be weight, pa-
rameter, border functions of (Q, f). Then the socle deformed weighted triangulation algebra Λ(Q, f,m•, c•, b•) =
KQ/I is defined by the ideal I = I(Q, f,m•, c•, b•) of the path algebra KQ generated by:
(1) αf(α)− cα¯Aα¯ for all arrows α of Q, which are not border loops,
(2) α2 − cα¯Aα¯ − bs(α)Bα¯ for all border loops α of Q,
(3) αf(α)g(f(α)) for all arrows α of Q, except if f2(α) is virtual, or f(α¯) is virtual and mα¯ = 1, nα¯ = 3.
(4) αg(α)f(g(α)) for all arrows α of Q except if f(α) is virtual, or f2(α) is virtual and mf(α) = 1, nf(α) = 3.
If b• is a zero border function (bi = 0 for all i ∈ ∂(Q, f) ), then Λ(Q, f,m•, c•, b•) = Λ(Q, f,m•, c•) is a
weighted triangulation algebra as defined in [14, Definition 2.8]. Moreover, if (Q, f) = (Q(S, ~T ), f) for a di-
rected triangulated surface (S, ~T ) with non-empty boundary ∂S, then Λ(S, ~T ,m•, c•, b•) = Λ(Q(S, ~T ), f,m•, c•, b•)
is said to be a socle deformed weighted surface algebra.
As mentioned, any triangulation quiver (Q, f) comes from a directed triangulated surface. We will use
the name ’weighted surface algebra’ in general, but most of the time work with (Q, f).
Example 2.2. Let T be the triangulation
1
2
43
•
•
•
of the unit disc D = D2 in R2 by two triangles and ~T the orientation (1 2 3), (1 4 2) of triangles in T . Then
the triangulation quiver (Q, f) = (Q(D, ~T ), f) is the quiver
1
β
$$■
■■
■■
■
ξ

3̺
$$
α
::✉✉✉✉✉✉
4 γdd
νzz✉✉
✉✉
✉✉
2
δ
dd■■■■■■
η
OO
with f -orbits (α ξ δ), (β ν η), (̺), (γ). Then g has two orbits, O(α) = (α β γ ν δ ̺) and O(ξ) = (ξ η).
Observe that ̺ and γ are the border loops of (Q, f), corresponding to the border edges of D, and hence
∂(Q, f) = {3, 4}. Letm• : O(g)→ N
∗ be the weight function withmO(α) = 3 andmO(ξ) = 1, c• : O(g)→ K
∗
the parameter function with cO(α) = c and cO(ξ) = 1, and b• : ∂(Q, f)→ K the border function with b3 = 1
and b4 = 0. Observe that ξ and η are virtual arrows. Then the associated algebra Λ = Λ(Q, f,m•, c•, b•) is
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given by the quiver Q and the relations:
αξ = c(̺αβγνδ)2̺αβγν, νη = c(γνδ̺αβ)2γνδ̺α, ξδ = c(βγνδ̺α)2βγνδ̺, ηβ = c(δ̺αβγν)2δ̺αβγ,
δα = η, βν = ξ, ̺2 = c(αβγνδ̺)2αβγνδ + (αβγνδ̺)3, γ2 = c(νδ̺αβγ)2νδ̺αβ,
αξη = 0, ξδ̺ = 0, νηξ = 0, ηβγ = 0, ̺2α = 0, γ2ν = 0,
ξηβ = 0, ̺αξ = 0, ηξδ = 0, γνη = 0, δ̺2 = 0, βγ2 = 0.
We note that the Gabriel quiver QΛ of Λ is of the form
1
β
$$■
■■
■■
■
3̺
$$
α
::✉✉✉✉✉✉
4 γdd
νzz✉✉
✉✉
✉✉
2
δ
dd■■■■■■
Then Λ is also given by QΛ and the relations obtained from the above relations by replacing η = δα and
ξ = βν. It follows from the proposition below that Λ is a symmetric algebra of dimension dimK Λ =
mO(α)n
2
O(α) +mO(ξ)n
2
O(ξ) = 3 · 6
2 + 1 · 22 = 112.
Proposition 2.3. Let Λ = Λ(Q, f,m•, c•, b•) be a socle deformed weighted surface algebra. Then the
following hold:
(i) Λ is a finite-dimensional algebra with dimK Λ =
∑
O∈O(g)mOn
2
O
.
(ii) Λ is socle equivalent to Λ(Q, f,m•, c•, 0).
(iii) Λ is a symmetric algebra.
(iv) Λ is a tame algebra.
(v) If K is of characteristic different from 2, then Λ is isomorphic to Λ(Q, f,m•, c•, 0).
Proof. Parts (i), (ii) and (iii) are the same as parts (i), (ii) and (iv) of Proposition 8.1 of [11], and also
Proposition 4.13 of [14]. By part (ii), to prove tameness, it suffices to deal with the case when b• is zero. In
this case, tameness is proved in [14] (which is not affected by the correction in [15]). The proof of part (v) is
the same as Proposition 8.2 of [11]. In [11] it is assumed that |Q0| ≥ 3 but same proofs work for the quiver
with two vertices. 
3. Periodicity of socle deformed weighted surface algebras
Throughout this section, Λ is a socle deformed weighted surface algebra, Λ = Λ(Q, f,m•, c•, b•). We
assume that the boundary ∂(Q, f) is non-empty. Furthermore, we may assume that when β is a virtual
arrow then cβ = 1 (see [14], the comments following Definition 2.8).
The general construction of the first three terms of a minimal bimodule resolution for weighted surface
algebras is explained in detail in [11] and again in [14] and we will not repeat it. In order to identify
the terms, by Happel’s result [20], we must determine dimensions of the spaces ExtnΛ(Si, Sj) for all simple
modules Si, Sj of Λ. We will show that every simple module has Ω-period four, most of this can be taken
from previous proofs.
Proposition 3.1. Let i be a vertex of Q where the arrows α, α¯ starting at i are both not virtual. Then there
is an exact sequence in modΛ
0→ Si → Pi
π3−→ Pt(f(α)) ⊕ Pt(f(α¯))
π2−→ Pt(α) ⊕ Pt(α¯)
π1−→ Pi → Si → 0,
which give rise to a minimal projective resolution of Si in modΛ. In particular, Si is periodic of period 4.
Proof. If i is not a border vertex then this is the same as the proof of Proposition 5.4 of [14], which refers
to 7.1 [11]. Suppose α (say) is a border loop. When |Q0| ≥ 3 (which is assumed in [11], see section 4) then
the proof of Proposition 9.1 of [11] can be used verbatim. This leaves the case when Q has two vertices, and
then Q is of the form
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1
β //
α
$$
2
γ
oo σ
zz
.
Let α be the border loop. That is, f = (α)(β σ γ) and g = (α β γ)(σ). We have mσ ≥ 3 and mα ≥ 1, or
if mσ = 2 then we must have mα ≥ 2 (by the assumption, see Example 3.1 in [14]).
Let m = mα and c = cα, b = bi. The relations at vertex 1 are
α2 = cAβ + bBβ , βσ = cAα.
We take Ω(S1) = αΛ + βΛ, and we take π1(x, y) = αx + βy, and we identify the kernel of π1 with Ω
2(S1).
This has dimension equal to dimP2+1 = 3mα+mσ+1. The above relations give two elements in the kernel
of π1, namely
ϕ := (α,−cA′β − bAγ), ψ := (−cA
′
α, σ).
Here A′β is the monomial with βA
′
β = Aβ , similarly we define A
′
α. Hence ϕΛ + ψΛ ⊆ Ω
2(S1), and we will
show that both modules have the same dimension.
(1) By projecting onto the first coordinate we get an exact sequence
0→ Ker(p1)→ ϕΛ
p1
−→ αΛ→ 0
The kernel of p1 is given by {(0, (−cA
′
β − bAγ)x) | αx = 0}. By the lemma below, we have x = αβx
′ for
x′ ∈ Λ, and we find that Ker(p1) is 1-dimensional, spanned by (0, Bγ). Hence dimϕΛ = 3mα + 2.
(2) We have similarly an exact sequence, given by projecting onto the second coordinate,
0→ Ker(p2)→ ψΛ
p2
−→ σΛ→ 0
and we find, using the second part of the lemma below, that the kernel of p2 is 1-dimensional, spanned by
(Bβ , 0). This shows that dimψΛ = mσ + 2.
(3) We analyse the intersection of ϕΛ and ψΛ. First we observe that it contains the socle of P1⊕P2. We
have that
ψγ = (−cAβ , σγ), ϕα = (α
2,−cAγ)
and it follows, using the relations, that ψγ + ϕα = (bBβ , 0) which is in ϕΛ ∩ ψΛ. Using the two exact
sequences, one checks that the submodule generated by ϕα is all of the intersection. It is 3-dimensional, and
then from (a) and (b) it follows that dim(ϕΛ + ψΛ) = dimΩ2(S1) as required.
The case mα = 1 and mσ = 3 is special, here we may take cσ = λ and cβ = 1 (see Example 3.1 of [14] ),
and since we exclude the singular disc algebra we have λ 6= 1.
Then ψσ = (−βσ, σ2) = (−αβ, λ−1γβ) and −ϕβ = (−αβ, γβ − bBγ). Since λ 6= 1 these are independent
modulo ϕαΛ and one gets ϕΛ + ψΛ has dimension 7 = dimΩ2(S1).
We define a surjective homomorphism π2 : P1⊕P2 → ϕΛ+ψΛ by π2(x, y) := ϕx+ψy. We have seen above
that ϕα+ ψγ − (bBγ , 0) = 0. Moreover, (bBα, 0) = bλ
−1ϕα2 and therefore we have Θ := (α− bλ−1α2, γ) ∈
Ker d2.
Now, α′ := α − bλ−1α2 and γ are independent elements not in the radical of Λ, representing all arrows
ending at vertex 1. Therefore ΘΛ ∼= Ω−1(S1). This has dimension equal to dimKer(d2), and equality follows.
This completes the proof. 
In the proof we have used:
Lemma 3.2. We have Ω(αΛ) = αβΛ and Ω(σΛ) = γαΛ.
Proof. We identify Ω(αΛ) with {x ∈ e1Λ | αx = 0}. By the zero relations, α
2β = 0 and hence αβΛ ⊆ Ω(αΛ).
We get equality, by observing that both spaces have the same dimension (namely dim eiΛ − (3mα + 1) =
3mβ − 1 = dim(αβΛ). Similarly one proves the second statement. 
Next we consider a simple module Si where one of the arrows at i is virtual.
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Proposition 3.3. Let i be a vertex of Q with arrows α, α¯ starting at i, and where the arrow α¯ is a virtual
loop. Then there is an exact sequence in modΛ
0→ Ω−1(Si)→ Pt(α) → Pt(α) → Ω(Si)→ 0,
which gives rise to a minimal projective resolution of Si in modΛ. In particular, Si is periodic of period 4.
Proof. This is the same as the proof of Lemma 5.5 in [14], taking the correction in [15, Lemma 5.1]. 
Proposition 3.4. Let i be a vertex of Q with arrows α, α¯ starting at i and where α¯ is virtual but not a loop.
Then there is an exact sequence in modΛ
0→ Ω−1(Si)→ Pt(f(α¯)) → Ps(f(α¯)) → Ω(Si)→ 0,
which gives rise to a minimal projective resolution of Si in modΛ. In particular, Si is periodic of period 4.
Proof. This is the same as that of Lemma 5.6 of [14], together with the correction in [15, Lemma 5.2]. 
We construct now the first steps of a minimal projective bimodule resolution of Λ. As explained in in
[14], Section 5, they are as follows. Note that we must use the Gabriel quiver QΛ, recall this is the quiver
obtained from Q by removing the virtual arrows.
P3
S
−→ P2
R
−→ P1
d
−→ P0
d0−→ Λ→ 0
where
P0 =
⊕
i∈Q0
Λei ⊗ eiΛ,
P1 =
⊕
α∈(QΛ)1
Λes(α) ⊗ et(α)Λ,
P2 =
⊕
α∈(QΛ)1
Λes(α) ⊗ et(f(α))Λ,
P3 =
⊕
i∈Q0
Λei ⊗ eiΛ.
The homomorphism d0 is defined by d0(ei ⊗ ei) = ei for all i ∈ Q0, and the homomorphism d : P1 → P0 is
defined by
d
(
es(α) ⊗ et(α)
)
= α⊗ et(α) − es(α) ⊗ α
for any arrow α in (QΛ)1. In particular, we have Ω
1
Λ(Λ) = Ker d0 and Ω
2
Λ(Λ) = Ker d.
For each arrow α in (QΛ)1, we define the element µα = es(α)µαet(f(α)) as follows
µα = α¯f(α¯)− cαAα if α¯ is not a border loop,
µα = α¯
2 − cαAα − biBα if α¯ is a border loop.
Since we work with the Gabriel quiver QΛ, we must make substitutions. First, since α is not virtual, no
arrow in the g-cycle of α is virtual, and therefore Aα is a path in QΛ. If α¯ is virtual then we substitute
α¯ = αf(α) (using that cα¯ = 1). Note that if α¯ is virtual then f(α) is not virtual (see Remark 4.2 of [14]).
Similarly we substitute f(α) = g(α)f(g(α)) in case f(α) is virtual. Recall that α, f(α) cannot be both
virtual.
We define the homomorphism R : P2 → P1 in modΛ
e by
R
(
es(α) ⊗ et(f(α))
)
= ̺(µα)
for any arrow α in (QΛ)1, where ̺ : KQΛ → P1 is the K-linear homomorphism which is defined on paths by
α1 . . . αr 7→
r∑
k=1
α1 . . . αk−1 ⊗ αk+1 . . . αr
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(see Section 3 of [11]). Then ImR ⊆ Ker d (see Lemma 3.4 of [11]).
Lemma 3.5. The homomorphism R : P2 → P1 induces a projective cover Ω
2
Λe(Λ) in modΛ
e. In particular,
we have Ω3Λe(Λ) = KerR.
Proof. This follows by the arguments in the proof of Lemma 7.2 and 9.2 of [11]. 
For each vertex i ∈ Q0, we consider the element in P2
ψi =
(
ei ⊗ et(f(α))
)
f2(α) +
(
ei ⊗ et(f(α¯))
)
f2(α¯)− α
(
et(α) ⊗ ei
)
− α¯
(
et(α¯) ⊗ ei
)
.
Moreover, for each vertex i ∈ ∂(Q, f) and the border loop α at i, we consider the elements in P2
ψ
(1)
i = (bic
−1
α )(α ⊗ α+ ei ⊗ α
2),
ψ
(2)
i = (bic
−1
α )
2(α⊗ α2 + ei ⊗ α
3),
ψ
(3)
i = (bic
−1
α )
3(α⊗ α3).
Then, for each vertex i ∈ Q, we define the element ψ¯i in P2 as follows
ψ¯i = ψi if i /∈ ∂(Q, f),
ψ¯i = ψi + ψ
(1)
i + ψ
(2)
i + ψ
(3)
i if i ∈ ∂(Q, f).
We define the homomorphism S : P3 → P2 in modΛ
e by
S(ei ⊗ ei) = ψ¯i
for any vertex i ∈ Q0. Then we have the following analogue of Lemma 7.3 of [11].
Proposition 3.6. The homomorphism S : P3 → P2 induces a projective cover of Ω
3
Λe(Λ) in modΛ
e. In
particular, we have Ω4Λe(Λ) = KerS.
Proof. This is the same as the proof of Proposition 9.3 in [11]. 
The first part of the following lemma holds more generally for self-injective algebras.
Lemma 3.7. (i) An injective hull of Λ as a bimodule is given by θ : Λ→ ⊕Λ(ei ⊗ ei)Λ, taking
1 7→ ξ :=
∑
b∈B
∑
i∈Q0
bei ⊗ eib
where B is a vector space basis for Λ of the form B =
⋃
i,j eiBej.
(ii) The image of θ is equal to the kernel of S : Λe 7→ P := ⊕γ∈(QΛ)1〈et(γ) ⊗ es(γ)〉, where
S(ei ⊗ ei) =
∑
t(γ)=i
(et(γ) ⊗ es(γ))γ −
∑
s(δ)=i
δ(et(δ) ⊗ es(δ)).
Proof. Part (i) is proved in [9] [pages 119-120]. As well, it is shown there that S(ξ) = 0. To show that the
kernel of S is equal to θ(Λ), one uses the arguments in the proofs of Lemmas 7.2 and 9.2 of [11], that is, it
is the same as in Lemma 3.5. 
Theorem 3.8. There is an isomorphism Ω4Λe(Λ)
∼= Λ in modΛe. In particular, Λ is a periodic algebra of
period 4.
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Proof. We proceed as in the proof of Theorem 7.4 of [11], and use [9, part (3) on pages 119 and 120]. In
particular, we fix some basis B such that B =
⋃
i,j∈Q0
eiBej of Λ, and let Bi = eiB. For each i we write ωi
for the socle element in Bi of eiΛ, and consider the symmetrizing form (−,−) : Λ × Λ → K such that, for
any two elements x ∈ Bi and y ∈ B, we have
(x, y) = the coefficient of ωi in xy,
when xy is expressed as a linear combination of the elements of Bi over K. Moreover, we consider the dual
basis B∗ of B with respect to (−,−). Then, for each vertex i ∈ Q0, we define the element of P3
ξi =
∑
b∈Bi
b⊗ b∗.
Then we conclude as in the proof of Theorem 7.4 of [11] that there is a monomorphism in modΛe
θ : Λ→ P3
such that θ(ei) = ξi for any i ∈ Q0. It follows also from Theorem 2.4 of [11] and Proposition 9.1 of
[11] that Ω4Λe(Λ)
∼= 1Λσ in modΛ
e for some K-algebra automorphism σ of Λ. Hence, we conclude that
dimK Λ = dimK Ω
4
Λe(Λ). Moreover, by Proposition 3.6, we have Ω
4
Λe(Λ) = KerS. Therefore, in order to
show that θ induces an isomorphism θ : Λ→ Ω4Λe(Λ) in modΛ
e, it remains to prove that S(ξt) = 0 for any
t ∈ Q0. Since K has characteristic 2, applying [9, part (3) on pages 119 and 120], we conclude that for any
vertex i ∈ ∂(Q, f) and the border loop α at i, the following equalities hold in P2∑
b∈Btei
b(α⊗ α+ ei ⊗ α
2)b∗ = 0,
∑
b∈Btei
b(α⊗ α2 + ei ⊗ α
3)b∗ = 0,
∑
b∈Btei
b(α⊗ α3)b∗ = 0,
because α4 = 0. Then, for any t ∈ Q0, we obtain the equalities
S(ξt) =
∑
b∈Bt
S(b⊗ b∗) =
∑
b∈Bt
∑
j∈Q0
S(bej ⊗ ejb
∗)
=
∑
b∈Bt
∑
j∈Q0
bS(ej ⊗ ej)b
∗ =
∑
b∈Bt
∑
j∈Q0
bψ¯jb
∗ = 0.
This completes the proof that Λ is a periodic algebra of period 4. 
4. Proof of Theorem 1.2
Let A be a basic, indecomposable, symmetric algebra with the Grothendieck group K0(A) of rank at least
2. Assume that A is socle equivalent to a weighted triangulation algebra Λ(Q, f,m•, c•).
Let Λ = Λ(Q, f,m•, c•) = KQ/I, where I = I(Q, f,m•, c•). Since A/soc(A) is isomorphic to Λ/soc(Λ),
we can assume that these are equal, using an isomorphism as identification. We assume that A is symmetric;
therefore, for each i ∈ Q0, the module eiA has one-dimensional socle which is spanned by some ωi ∈ eiAei,
and we fix such an element. Then, let ϕ be a symmetrizing linear form for A, and then ϕ(ωi) is non-zero.
We may assume that ϕ(ωi) = 1.
Observe also that soc(A) ⊂ (radA)2. If not, then for some j ∈ Q0 we have ωj /∈ (radA)
2. This means
that ejA = ejAej , which is not possible because A is indecomposable with K0(A) of rank at least 2. It
follows that A and Λ have the same Gabriel quiver. Recall that the Gabriel quiver QΛ of Λ is obtained
from Q by removing all virtual arrows. Moreover, for any virtual arrow α in Q, we have in Λ the equalities
α¯f(α¯) = cαAα = cαα, and this element belongs to the second socle of Λ, and hence is a non-zero element of
A. We may therefore take A of the form KQ/L for the same quiver Q, and some ideal L of KQ such that
cαα − α¯f(α¯) ∈ L for any virtual arrow α of Q. Since Aα is a non-zero element of the socle of A/soc(A),
we have Aα(radA) = soc(eiA), where i = s(α). We have also that Aα(radA) is spanned by Aαg
−1(α) and
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Aαf(g
−2(α)). We also recall that every f -orbit in Q1 is of length 3 or 1. Then, applying the arguments
from the proof of [18, Theorem 5.3], we may assume that Aαg
−1(α) 6= 0 and Aαf(g
−2(α)) = 0. Hence we
may assume that Aαg
−1(α) = Bα in A (and hence is equal to Bα in KQ).
We have the following relations in A:
(1) αf(α)− cα¯Aα¯ = aαωs(α), for all arrows α ∈ Q1,
(2) αf(α)g(f(α)) = λαωs(α), for all arrows α ∈ Q1, except f
2(α) is virtual, or f(α¯) is virtual and mα¯ = 1,
nα¯ = 3,
(3) αg(α)f(g(α)) = µαωs(α), for all arrows α ∈ Q1, except f(α) is virtual, or f
2(α) is virtual and mf(α) = 1,
nf(α) = 3,
for some aα, λα, µα ∈ K.
We observe that aα = 0 if t(f(α)) 6= s(α), λα = 0 if t(g(f(α))) 6= s(α), and µα = 0 if t(f(g(α))) 6= s(α).
We also note that if f(α¯) is virtual and mα¯ = 1, nα¯ = 3, then t(g(f(α))) 6= s(α). Similarly, if f
2(α) is
virtual and mf(α) = 1, nf(α) = 3, then t(f(g(α))) 6= s(α). We will show now that λα = 0 and µα = 0 for
the remaining α ∈ Q1 occurring in (2) and (3).
(a) Assume that α is an arrow in Q1 such that f
2(α) is not virtual and t(f(g(α))) = s(α). We note that
α is not a loop, because |Q0| > 2 and f(α¯) 6= g(α¯). Then Q contains a subquiver of the form
i
α¯
yyrrr
rr
rr
r
α
&&▲▲
▲▲
▲▲
▲▲
y
f(α¯) %%❑❑
❑❑
❑❑
❑❑ x
f(α)yysss
ss
ss
s
j
f2(α¯)
OO
f2(α)
OO
with f2(α¯) = g(f(α)) and f2(α) = g(f(α¯)). Then there are subpaths p of Aα and q of Aα¯ of length > 1
such that Aα = αpf(α) and Aα¯ = α¯qf(α¯). Since t(f(α)) = j = t(f(α¯)) is different from s(α) = i = s(α¯),
we obtain the equalities in A
αf(α)g
(
f(α)
)
= cα¯Aα¯f
2(α¯) = cα¯α¯qf(α¯)f
2(α¯) = cα¯cg(α¯)α¯qAg(α¯) = 0
because Ag(α¯) is in the second socle of A.
Therefore, we have αf(α)g(f(α)) = 0 in A for all arrows α of Q such that f2(α) is not virtual.
(b) Assume that α is an arrow in Q such that f(α) is not virtual and t(f(g(α))) = s(α). Since |Q0| > 2
we conclude that α is not a loop. Then Q contains a subquiver of the form
i
α¯

α

y
f2(α¯)
99rrrrrrrr
x
f2(α)
ff▲▲▲▲▲▲▲▲
j
f(α¯)
ee❑❑❑❑❑❑❑❑ f(α)
99ssssssss
with g(α) = f(α¯) and g(α¯) = f(α). Then there is a subpath u of Af(α) of length > 1 such that Af(α) =
f(α)uf2(α). We obtain the equalities in A
αg(α)f
(
g(α)
)
= αf(α¯)f2(α¯) = cf(α)αAf(α) = cf(α)αf(α)uf
2(α) = cf(α)cα¯Aα¯uf
2(α) = 0
because Aα¯ is in the second socle of A.
Therefore, we have αg(α)f(g(α)) = 0 in A for all arrows α of Q such that f(α) is not virtual.
(c) Assume that t(f(α)) = s(α) /∈ ∂(Q, f). Then Q contains a subquiver of the form
iα¯
## α // j
f(α)
oo
with f(α¯) = α, f2(α) = α¯, g(α¯) = α¯, and g(f(α)) = α. Moreover, we have the equality αf(α) − cα¯Aα¯ =
aBα for some a ∈ K. Observe also that Bα = αAg(α). Replacing f(α) by f(α)
∗ = f(α) − aAg(α),
we obtain αf(α)∗ = cα¯Aα¯. Further, we have Ag(α) = vg
−1(f(α))f(α) for a path v of length > 0, and
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f(g−1(f(α)))f(α) = g(α) is not virtual. This implies that Ag(α)α¯ = vg
−1(f(α))f(α)α¯ = 0. Hence we
conclude that
f(α)∗α¯ = f(α)α¯ − aAg(α)α¯ = f(α)α¯ = cg(α)Ag(α).
We note that the replacement of f(α) by f(α)∗ does not change Ag(α), because Ag(α) is of length > 2 and
belongs to the second socle of A.
(d) Assume that α is a border loop of (Q, f). Then αf(α) = cα¯Aα¯ + bs(α)ωs(α) for some bs(α) ∈ K.
Moreover, in this case we have Bα = Bα¯ and cα = cα¯ , because α¯ = g(α), so we may take ωi = Bα.
Summing up, we conclude that we have the border function b• : ∂(Q, f) → K such that the ideal
L contains the ideal I(Q, f,m•, c•, b•), defining the algebra Λ¯ = Λ(S, ~T ,m•, c•, b•). Moreover, we have
dimK A = dimK A/soc(A) + |Q0| = dimK Λ/soc(Λ) + |Q0| = dimK Λ¯. Therefore, A is isomorphic to the
algebra Λ¯.
5. Reduction to local algebras
Let K be an algebraically closed field, m > 2 a natural number, and b ∈ K, c ∈ K∗. Consider the quotient
algebra
A(m, c, b) = K〈X,Y 〉/I(m, b, c),
where I(m, b, c) is the ideal generated by the elements
X2 − c(Y X)m−1Y − b(Y X)m, Y 2, (XY )m = (Y X)m, (XY )mX, (Y X)mY.
Then A(m, c, b) is a local symmetric algebra of dimension 4m, with a canonical basis formed by 1, the
alternating monomials (XY )k, (Y X)k, (XY )kX , (Y X)kY , k ∈ {0, . . . ,m− 1}, and (XY )m = (Y X)m (see
[8, Theorem III.1]).
Proposition 5.1. Let K be of characteristic 2, m > 2 a positive integer, and b, c ∈ K∗. Then the K-algebras
A(m, c, 0) and A(m, c, b) are not isomorphic.
Proof. Suppose that there is an isomorphism of K-algebras h : A(m, c, 0)→ A(m, c, b). Then h is given by
the elements h(X) = F (X,Y ) and h(Y ) = G(X,Y ) in A(m, c, b) of the forms
F (X,Y ) =
m−1∑
i=0
ai(XY )
iX +
m−1∑
i=0
bi(Y X)
iY +
m−1∑
i=1
ci(XY )
i +
m−1∑
i=1
di(Y X)
i,
G(X,Y ) =
m−1∑
i=0
ri(XY )
iX +
m−1∑
i=0
si(Y X)
iY +
m−1∑
i=1
ti(XY )
i +
m−1∑
i=1
ui(Y X)
i
for some ai, bi, ci, di, ri, si, ti, ui ∈ K with a0s0 6= b0r0. Moreover, since X
2 = c(Y X)m−1Y and Y 2 = 0 in
A(m, c, 0), we have
F (X,Y )2 = c
(
G(X,Y )F (X,Y )
)m−1
G(X,Y ) and G(X,Y )2 = 0.
Since m > 2, XY , Y X , XYX , Y XY are independent elements of A(m, c, b). The coefficients of XY and
Y X in F (X,Y )2 (respectively, G(X,Y )2) are equal to a0b0 (respectively, r0s0). Hence we have a0b0 = 0 and
r0s0 = 0. Further, the coefficients of XYX and Y XY in G(X,Y )
2 = 0 are equal r0(t1+u1) and s0(t1+u1).
Because G(X,Y )2 = 0, we obtain r0(t1 + u1) = 0 and s0(t1 + u1) = 0. The imposed condition a0s0 6= b0r0
forces r0 6= 0 or s0 6= 0. Hence we get t1 + u1 = 0, or equivalently t1 = u1, because K is of characteristic 2.
We claim that the coefficient of (XY )m = (Y X)m in G(X,Y )2 is equal to r20b. We consider two cases.
(1) Assume m is odd. Then the coefficient of (XY )m = (Y X)m in G(X,Y )2 is equal to
r20b+
∑
i+j+1=m
risj +
∑
i+j+1=m
sirj = r
2
0b,
because K is of characteristic 2 and X2 = c(Y X)m−1Y + b(Y X)m in A(m, c, b).
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(2) Assume m is even, say m = 2k for some positive natural number k. Then the coefficient of (XY )m =
(Y X)m in G(X,Y )2 is equal to
r20b+
∑
i+j+1=m
risj +
∑
i+j+1=m
sirj + t
2
k + u
2
k = r
2
0b+ (tk + uk)
2.
Moreover, the coefficient of (XY )kX = X(Y X)k (respectively, (Y X)kY = Y (XY )k) in G(X,Y )2 is equal
to r0(tk + uk) (respectively, s0(tk + uk)). Since G(X,Y )
2 = 0 and r0 6= 0 or s0 6= 0, we get tk + uk = 0, and
hence (tk + uk)
2 = 0.
Therefore, the coefficient of (XY )m = (Y X)m in G(X,Y )2 = 0 is equal to r20b, and hence r0 = 0, because
b 6= 0. In particular, we have s0 6= 0. Then the conditions a0s0 6= b0r0 and a0b0 = 0 imply a0 6= 0 and
b0 = 0.
Using b0 = 0 and r0 = 0, we conclude that the coefficient of (XY )
m = (Y X)m in (G(X,Y )F (X,Y ))m−1G(X,Y )
is equal to
(s0a0)
m−1u1 + a0t1(a0s0)
m−2s0 = (s0a0)
m−1(t1 + u1) = 0,
because t1 = u1. Hence, by the equality F (X,Y )
2 = c(G(X,Y )F (X,Y ))m−1G(X,Y ), we obtain that the
coefficient of (XY )m = (Y X)m in F (X,Y )2 is equal to 0.
Now, if m ≥ 3, then applying arguments as in (1) and (2), we conclude that the coefficient of (XY )m =
(Y X)m in F (X,Y )2 is equal to a20b, which is a contradiction because a0 6= 0 and b 6= 0.
Finally, assume that m = 2. Then we have the equality F (X,Y )2 = cG(X,Y )F (X,Y )G(X,Y ) with
F (X,Y ) and G(X,Y ) of the forms
F (X,Y ) = a0X + a1XYX + b1Y XY + c1XY + d1Y X + d2(Y X)
2,
G(X,Y ) = s0Y + r1XYX + s1Y XY + t1XY + u1Y X + u2(Y X)
2,
because b0 = 0 and r0 = 0. Then
F (X,Y )2 = a0(c1 + d1)XYX + a
2
0cY XY + (a
2
0b + c
2
1 + d
2
1)(XY )
2,
cG(X,Y )F (X,Y )G(X,Y ) = ca0s
2
0Y XY + ca0s0(t1 + u1)(XY )
2 = a0s
2
0cY XY,
because t1 + u1 = 0. Hence we obtain the equalities
a0(c1 + d1) = 0, a
2
0c = a0s
2
0c, a
2
0b+ (c1 + d1)
2 = 0.
Since a0 6= 0, we have c1 + d1 = 0. But then a
2
0b = 0, which is again a contradiction
This finishes the proof. 
Proposition 5.2. Let Λ = Λ(Q, f,m•, c•, b•) be a socle deformed weighted triangulation algebra, α a border
loop of (Q, f), m = mO(α), c = cO(α), b = bs(α). Assume that m > 2 and f(α¯) is not a virtual loop. Then
the local algebra A = es(α)Λes(α) is isomorphic to A(m, c, b).
Proof. Let i = s(α). Since f(α) = α and |Q0| > 2, we have α¯ = g(α) and nα > 3. Let X = α and
Y = g(α) . . . gnα−1(α). Then
X2 = α2 = cα¯Aα¯ + biBα¯ = cAg(α) + bBg(α) = c(Y X)
m−1Y + b(Y X)m.
We claim that Y 2 = 0. Let β = g(α), γ = f(β), and σ = f(γ). We note that β, γ, σ are pairwise different.
We consider three cases.
(1) Assume f2(σ) = γ is not virtual. Then we have
Y 2 =
(
g(α) . . . gnα−1(α)
)2
= g(α) . . . σf(σ)g
(
f(σ)
)
. . . gnα−1(α) = 0.
(2) Assume f2(σ) = γ is virtual. Then, by assumption, γ is not a loop, and (Q, f) contains a subquiver
of the form
j
δ
##❍
❍❍
❍❍
❍❍
γ

iα
##
β
;;✇✇✇✇✇✇✇
r
ωzz✈✈
✈✈
✈✈
k
σ
dd❍❍❍❍❍❍
ε
OO
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with δ = f(ε), ω = f(δ), ε = f(ω), and we have
Y 2 =
(
g(α) . . . gnα−1(α)
)2
= g(α) . . . σβδg(δ) . . . gnα−1(α) = cεg(α) . . . εδg(δ) . . . g
nα−1(α) = 0,
because δ = f(ε), and f2(ε) = ω is not virtual.
Finally, we observe that
(XY )mX =
(
αg(α) . . . gnα−1(α)
)mα
α = Bαα = 0,
(Y X)mY =
(
g(α) . . . gnα−1(α)α
)mα
g(α) . . . gnα−1(α) = Bg(α)g(α) . . . g
nα−1(α) = 0.

6. Reduction to algebras with two vertices
Let r > 1 be a natural number and b, c ∈ K∗. Consider the algebra B(r, c, b) given by the quiver Q
1α
$$ β // 2
ω
oo ̺dd
and the relations:
α2 = cβω + bβωα, αβω = βωα, ωαβ = ̺r, ωβ = 0, β̺ = 0, ̺ω = 0.
We observe that we have the following additional relations:
βωαβ = β̺r = 0,
α2β = cβωβ + bβωαβ = 0,
ωα2 = cωβω + bωβωα = 0,
αβωα = b−1α3 − b−1cαβω = b−1cβωα+ βωα2 − b−1cαβω = 0,
cβωα = α3 = cαβω.
In particular, B(r, c, b) has a basis
e1, e2, α, αβ, β, βω, ω, ωα, ̺, . . . , ̺
r−1, ̺r = ωαβ = βωα.
Lemma 6.1. Let K be of characteristic 2, r > 1 a natural number, and b, c ∈ K∗. Then the K-algebras
B(r, c, 0) and B(r, c, b) are not isomorphic.
Proof. Assume there exists an isomorphism of K-algebras h : B(r, c, 0)→ B(r, c, b) such that h(e1) = e1 and
h(e2) = e2. Then we have
h(α) = r1α+ r2βω + r3βωα,
h(β) = s1β + s2αβ,
h(ω) = t1ω + t2ωα,
h(̺) =
r∑
i=1
ui̺
i,
for some r1, s1, t1, u1 ∈ K
∗ and r2, r3, s2, t2, u2, . . . , ur ∈ K. Since α
2 = cβω in B(r, c, 0), we have
h(α)2 = h(α2) = h(cβω) = ch(β)h(ω)
in B(r, c, b). Since K is of characteristic 2, using the relations in B(r, c, b) described above, we obtain that
h(α)2 =
(
r1α+ r2βω + r3βωα
)2
= r21cβω + r
2
1bβωα,
ch(β)h(ω) = c(s1β + s2αβ)(t1ω + t2ωα) = cs1t1βω + c(s1t2 + s2t1)βωα.
Hence r21 = s1t1 and r
2
1b = c(s1t2 + s2t1).
Further, we have the equalities
0 = h(ωβ) = h(ω)h(β) = (t1ω + t2ωα)(s1β + s2αβ) = (s1t2 + s2t1)ωβα,
and hence s1t1 + s2t1 = 0. But then r
2
1b = 0, which contradicts r1 6= 0 and b 6= 0. 
14 J. BIA LKOWSKI, K. ERDMANN, A. HAJDUK, A. SKOWRON´SKI, AND K. YAMAGATA
Proposition 6.2. Let Λ = Λ(Q, f,m•, c•, b•) be a socle deformed weighted triangulation algebra, α a border
loop of (Q, f), c = cO(α), b = bs(α), and e = es(α) + et(g(α)). Assume that |Q0| > 3, mO(α) = 1, and
O(α) 6= O(f(α¯)). Then the idempotent algebra eΛe is isomorphic to B(r, c, b) for some r > 1.
Proof. Let β = g(α), γ = f(β), σ = f(γ), i = s(α), j = s(γ), and k = s(σ). It follows from the assumption
that |Q0| > 4 and O(α) = O(β) = O(σ) 6= O(γ). In particular, we have nγ = |O(γ)| > 2. Then e = ei + ej
and B = eΛe is given by the quiver Q
iα
## β // j
ω
oo ̺dd
with ω = g(β) . . . gnα−1(α) = g(β) . . . σ, ̺ = γg(γ) . . . gnγ−1(γ), and the relations induced from Λ. Let
δ = g(β), ε = g−1(σ), ξ = g−1(γ). Observe that
α2 = cβAβ + bs(α)Aβ = cβω + bβωα,
because mβ = mα = 1. Moreover, we have
cαβω = cαBα = cα¯Bα¯ = cβBβ = cβωα,
and hence αβω = βωα. Further, we have
cωαβ = cg(β)Bg(β) = cδBδ = cδ¯Bδ¯ = cγBγ = cγ̺
mγ ,
and hence ωαβ = c−1cγ̺
mγ . Taking r = mγ and replacing ̺ by a̺ with a
r = cc−1j , we may assume that
ωαβ = ̺r.
We claim that the relations ωβ = 0, β̺ = 0, ̺ω = 0 also hold. We consider two cases.
(1) Assume nγ > 3. Then we have
β̺ = βγg(γ) . . . gnγ−1(γ) = βf(β)g
(
f(β)
)
. . . gnγ−1(γ) = 0,
because f2(β) = σ is not virtual. Further,
ωβ = δg(δ) . . . εσβ = δg(δ) . . . εg(ε)f
(
g(ε)
)
= 0,
because f(ε) is not virtual by nγ > 3. Observe that
̺ω = γg(γ) . . . gnγ−1(γ)g(β)g2(β) . . . gnα−1(α) = γg(γ) . . . ξδg(δ) . . . σ,
with f(ξ) = δ. Hence ̺ω = 0, if f2(ξ) is not virtual. Assume f2(ξ) is virtual. Then (Q, f) contains a
subquiver of the form
•
f(µ)=g(δ)
$$■
■■
■■
■
θ

j
δ
::✈✈✈✈✈✈
•
f2(µ)zz✉✉
✉✉
✉✉
•
ξ
dd■■■■■■
µ
OO
and ̺ω = γ . . . ξδg(δ)g2(δ) . . . σ = cµγ . . . µg(δ)g
2(δ) . . . σ = 0, because f2(µ) is not virtual.
(2) Assume nγ = 2. Then (Q, f) contains a subquiver
j
δ=g(β)
##❍
❍❍
❍❍
❍❍
γ

iα
##
β
;;✇✇✇✇✇✇✇
•
ε=g−1(σ)zz✉✉
✉✉
✉✉
k
σ
dd❍❍❍❍❍❍
ξ
OO
and ̺ = γξ. Then we have the equalities
β̺ = βγξ = βf(β)g
(
f(β)
)
= 0, because f2(β) = σ is not virtual,
ωβ = δg(δ) . . . εσβ = δg(δ) . . . εg(ε)f
(
g(ε)
)
= 0, because f2(ε) = δ is not virtual,
̺ω = γξδg(δ) . . . σ = γξf(ξ)g
(
f(ξ)
)
. . . σ = 0, because f2(ξ) = ε is not virtual.

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7. Reduction to algebras with three vertices
Let ∆ be the quiver
1α
$$ β // 2 ηdd
γ✠✠
✠✠
✠
3
µ
DD
σ
ZZ✺✺✺✺✺
and b•, c• : Q0 → K two functions. We consider the algebra D(b•, c•) given by the quiver ∆ and the
relations:
βγ = c1αβηγµ, αβηγµσ = βηγµσα, α
2 = c1βηγµσ + b1βηγµσα, βγµ = 0, µσβ = 0, γσα = 0,
γσ = c2ηγµσα, ηγµσαβ = γµσαβη, η
2 = c2γµσαβ + b2γµσαβη, αβγ = 0, σβη = 0, ηγσ = 0,
σβ = c3µσαβη, µσαβηγ = σαβηγµ, µ
2 = c3σαβηγ + b3σαβηγµ, α
2β = 0, σα2 = 0.
We observe that
η2γ = c2γµσαβγ + b2γµσαβηγ = b2ηγµσαβγ = 0,
βη2 = c2βγµσαβ + b2βγµσαβη = 0,
µ2σ = c3σαβηγσ + b3σαβηγµσ = b3µσαβηγσ = 0,
γµ2 = c3γσαβηγ + b3γσαβηγµ = 0.
Therefore, D(b•, c•) is a K-algebra of dimension 36.
Lemma 7.1. Let K be of characteristic 2, and A = D(b′•, c
′
•) and B = D(b•, c•) with b
′
1 = 0, c
′
1 6= 0, b1 6= 0,
c1 6= 0. Then there is no K-algebra isomorphism h : A→ B such that h(ei) = ei for any i ∈ {1, 2, 3}.
Proof. Suppose there exists a K-algebras isomorphism h : A→ B with h(ei) = ei for any i ∈ {1, 2, 3}. Then
there exist elements r1, s1, t1 ∈ K
∗ and ri, si, ti ∈ K, i ∈ {2, 3, 4}, such that
h(β) = r1β + r2αβ + r3βη + r4αβη,
h(γ) = s1γ + s2ηγ + s3γµ+ s4ηγµ,
h(σ) = t1σ + t2µσ + t3σα+ t4µσα.
We observe that we have in B the equalities
α3 = c1αβηγµσ + b1αβηγµσα = c1αβηγµσ + b1α
2βηγσ = c1αβηγµσ = c1βηγµσα.
Since c1 6= 0, we conclude that α
3 6= 0. Moreover, α4 = 0 because σα2 = 0. Hence
h(α) = u1α+ u2α
2 + u3α
3,
for some u1 ∈ K
∗ and u2, u3 ∈ K. Moreover, there exist v1, w1 ∈ K
∗ and v2, v3, w2, w3 ∈ K such that
h(η) = v1η + v2γµσαβ + v3γµσαβη,
h(µ) = w1µ+ w2σαβηγ + w3σαβηγµ.
Since b′1 = 0 and K is of characteristic 2, we conclude that the following equalities hold in B
u21c1βηγµσ + u
2
1b1βηγµσα = u
2
1α
2 =
(
u1α+ u2α
2 + u3α
3
)2
= h(α)2 = h(α2) = h(c′1βηγµσ) = c
′
1h(β)h(η)h(γ)h(µ)h(σ)
= c′1
(
r1v1s1w1t1βηγµσ + r2v1s1w1t1αβηγµσ + r1v1s1w1t3βηγµσα
)
= c′1r1v1s1w1t1βηγµσ + c
′
1v1s1w1(r2t1 + r1t3)βηγµσα,
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and hence u21c1 = c
′
1r1v1s1w1t1 and u
2
1b1 = c
′
1v1s1w1(r2t1 + r1t3). In particular, we obtain r2t1 + r1t3 6= 0,
because u1, b1, c
′
1, v1, s1, w1 ∈ K
∗. On the other hand, we have the following equalities in B/(radB)4
0 + (radB)4 = h(c′1µσαβη) + (radB)
4 = h(σβ) + (radB)4 = h(σ)h(β) + (radB)4
= (t1σ + t2µσ + t3σα + t4µσα)(r1β + r2αβ + r3βη + r4αβη) + (radB)
4
= (t1r2 + t3r1)σαβ + (radB)
4,
because σβ = c′1µσαβη ∈ (radB)
5. Hence r2t1 + r1t3 = 0, a contradiction. This proves the claim. 
Proposition 7.2. Let Λ = Λ(Q, f,m•, c•, b•) be a socle deformed weighted triangulation algebra, α a border
loop of (Q, f), and assume that O(α) = O(f(α¯)), mO(α) = 1, and take e = es(α)+ et(g(α))+ et(f(g(α))). Then
the idempotent algebra eΛe is isomorphic to an algebra D(b•, c•) with c1 = cα and b1 = bs(α).
Proof. Let β = g(α), γ = f(β), σ = f(γ), 1 = s(α), 2 = t(β), 3 = t(γ), η = g(β) . . . g−1(γ), µ =
g(γ) . . . g−1(σ). Since f(α) = α, β = α¯, γ = f(α¯), and O(α) = O(γ), we conclude that |Q0| > 3 and β, γ, σ
are pairwise different. Then eΛe is given by the quiver
1α
$$ β // 2 ηdd
γ✠✠
✠✠
✠
3
µ
DD
σ
ZZ✺✺✺✺✺
and the relations induced from Λ. Taking c1 = cα and b1 = bs(α), we conclude that
α2 = cβAβ + bs(α)Bβ = c1βηγµσ + b1βηγµσα,
βγ = cαAα = c1αβηγµ,
γσ = cg(β)Ag(β) = c1ηγµσα,
σβ = cg(γ)Ag(γ) = c1µσαβη,
βγµ = βf(β)g
(
f(β)
)
. . . g−1(σ) = 0, because f2(β) = σ is not virtual,
γσα = γf(γ)g
(
f(γ)
)
= 0, because f2(γ) = β is not virtual,
σβη = σf(σ)g(β) . . . g−1(γ) = 0, because f2(σ) = γ is not virtual,
µσβ = g(γ) . . . g−1(σ)σf(σ) = 0, because f
(
g−1(σ)) is not virtual,
αβγ = αg(α)f
(
g(α)
)
= 0, because f(α) = α is not virtual,
ηγσ = g(β) . . . g−1(γ)γf(γ) = 0, because f
(
g−1(γ)) is not virtual,
α2β = αf(α)g
(
f(α)
)
= 0, because f2(α) = α is not virtual,
σα2 = σg(σ)f
(
g(σ)
)
= 0, because f(σ) = β is not virtual.
Further, since cαBα = cβBβ , cg(β)Bg(β) = cγBγ , cg(γ)Bg(γ) = cσBσ, and c1 = cα = cβ = cg(β) = cγ =
cg(γ) = cσ, we obtain the equalities
αβηγµσ = βηγµσα, ηγµσαβ = γµσαβη, µσαβηγ = σαβηγµ.
We will prove now that
η2 = c2γµσαβ + b2γµσαβη
for some c2, b2 ∈ K. If η = g(β) = g
−1(γ) then f(η) = η, and taking c2 = cγ , b2 = bs(η), we have
η2 = cγAγ + bs(η)Bγ = c2γµσαβ + b2γµσαβη.
Assume that g(β) 6= g−1(γ), and set δ = g(β), ξ = g−1(γ). Note that then δ = f(ξ). If g(δ) 6= ξ, we have
η2 = δg(δ) . . . ξδg(δ) . . . ξ.
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We claim that then η2 = 0, so we may take c2 = 0, b2 = 0. If f
2(ξ) is not virtual, then ξδg(δ) =
ξf(ξ)g(f(ξ)) = 0, and hence η2 = 0. Assume that f2(ξ) is virtual. Then (Q, f) contains a subquiver of the
form
4
g(δ)
$$■
■■
■■
■
ω

2
δ
::✉✉✉✉✉✉
6
ε=g−1(ξ)zz✉✉
✉✉
✉✉
5
ξ
dd■■■■■■
ν
OO
with g2(δ) 6= ε. Then we obtain
η2 = δg(δ) . . . ξδg(δ)g2(δ) . . . εξ = cνδg(δ) . . . νg(δ)g
2(δ) . . . εξ = 0,
because g(δ) = f(ν) and f2(ν) = ε is not virtual.
Assume now that g(δ) = ξ. Then (Q, f) contains a subquiver of the form
2
δ // 4
ξ
oo ̺dd
with f(δ) = ̺, f(̺) = ξ, f(ξ) = δ, and hence g(̺) = ̺. Then η = δξ and
η2 = δξδξ = δξf(ξ)ξ = c̺δ̺
m̺−1ξ.
We note that m̺ = m̺n̺ > 2. If m̺ > 3, we have δ̺
m̺−1 = δf(δ)g(f(δ))̺m̺−3 = 0, because f2(δ) = ξ is
not virtual. Then again η2 = 0, and we may take c2 = 0, b2 = 0. Finally, assume that m̺ = 2. Then
η2 = c̺δ̺ξ = c̺δf(δ)f
2(δ) = c̺cδBδ = c̺cδδξγµσαβ = c̺cδηγµσαβ = c̺cδγµσαβη,
so we may take c2 = 0 and b2 = c̺cδ.
Similarly, we prove that
µ2 = c3σαβηγ + b3σαβηγµ
for some c3, b3 ∈ K. 
8. Algebras Q(2A)k(b)
Let (Q, f) be the triangulation quiver
1α
$$ β // 2
γ
oo ηdd
with f -orbits (α) and (β η γ). Then we have the g-orbits O(α) = (α β γ) and O(η) = (η), and ∂(Q, f) = {1}.
Let m• : O(g)→ N
∗ be a weight function with mO(α) = k > 2 and mO(η) = 2, c• : O(g)→ K
∗ a parameter
function, and b• : ∂(Q, f) → K a border function. We abbreviate cO(α) = c, cO(η) = a, d = b1. Then the
associated socle deformed weighted triangulation algebra Λ = Λ(Q, f,m•, c•, b•) is given by the quiver Q
and the relations:
α2 = c(βγα)k−1βγ + d(βγα)k, γβ = aη, α2β = 0, βη2 = 0, ηγα = 0,
βη = c(αβγ)k−1αβ, ηγ = c(γαβ)k−1γα, γα2 = 0, η2γ = 0, αβη = 0,
We note that η is a virtual loop of (Q, f).
For a natural number k > 2 and b ∈ K, we denote by Q(2A)k(b) the algebra given by the Gabriel quiver
QΛ of Λ
1α
$$ β // 2
γ
oo
and the relations:
α2 = (βγα)k−1βγ + b(βγα)k, βγβ = (αβγ)k−1αβ, γβγ = (γαβ)k−1γα, α2β = 0
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(compare [8, Theorem VII.7.1]). We note that then
γα2 = γ(βγα)k−1βγ + bγ(βγα)k = γβγ(αβγ)k−1 + bγβγ(αβγ)k−1α
= (γαβ)k−1γα2βγ(αβγ)k−1 + b(γαβ)k−1γα2βγ(αβγ)k−1α = 0,
and
α3 = (βγα)k−1βγα+ b(βγα)kα = (βγα)k + b(βγα)k−1βγα2 = (βγα)k,
α3 = α(βγα)k−1βγ + bα(βγα)k = (αβγ)k + bαβ(γαβ)k−1γα
= (αβγ)k + bαβγβγ = (αβγ)k + bα2β(γαβ)k−1γ = (αβγ)k.
Proposition 8.1. Λ = Λ(Q, f,m•, c•, b•) is isomorphic to Q(2A)
k(b) for some b ∈ K. Moreover, b = 0 if
and only if b• = 0.
Proof. Since η = a−1γβ, we conclude that Λ is given by the quiver QΛ and the relations:
α2 = c(βγα)k−1βγ + d(βγα)k, βγβ = ac(αβγ)k−1αβ, α2β = 0, βγβγβ = 0, αβγβ = 0,
γβγ = ac(γαβ)k−1γα, γα2 = 0, γβγβγ = 0, γβγα = 0.
We note that the relations γα2 = 0, αβγβ = 0, γβγα = 0, βγβγβ = 0 and γβγβγ = 0 are superfluous,
because
γα2 = γ
(
c(βγα)k−1βγ + d(βγα)k
)
= c(γβγ)(αβγ)k−1 + d(γβγ)α(βγα)k−1
= ac2(γαβ)k−1γ(α2β)γ(αβγ)k−2 + acd(γαβ)k−1γ(α2β)γα(βγα)k−2 = 0,
αβγβ = acα(αβγ)k−1αβ = acα2β(γαβ)k−1 = 0,
γβγα = ac
(
(γαβ)k−1γα
)
α = ac(γαβ)k−1γα2 = 0,
βγβγβ = ac(αβγ)k−1αβγβ = 0,
γβγβγ = acγβ(γαβ)k−1γα = ac(γβγα)(βγα)k−1 = 0.
Let u be an element in K with u3k−4 = ac, and α∗ = uα, β∗ = uβ, γ∗ = uγ. Then we have the relations
β∗γ∗β∗ =
(
α∗β∗γ∗
)k−1
α∗β∗, γ∗β∗γ∗ =
(
γ∗α∗β∗
)k−1
γ∗α∗,
(
α∗
)2
β∗ = 0,(
α∗
)2
= cu−3(k−1)
(
β∗γ∗α∗
)k−1
β∗γ∗ + du−3k+2
(
β∗γ∗α∗
)k
.
Let v = cu−3(k−1) and w = du−3k+2, so we have the relation(
α∗
)2
= v
(
β∗γ∗α∗
)k−1
β∗γ∗ + w
(
β∗γ∗α∗
)k
.
Now we take λ, µ ∈ K satisfying λ3v = µ4 and λkµ2k−4 = 1. We note that λkµk−2 = λkv−(k−2)λ2(k−2) =
λ3k−4v−(k−2) = 1. We set α′ = λα∗, β′ = µβ∗, and γ′ = µγ∗. Then we obtain the relations
β′γ′β′ =
(
α′β′γ′
)k−1
α′β′, γ′β′γ′ =
(
γ′α′β′
)k−1
γ′α′,
(
α′
)2
β′ = 0,(
α′
)2
=
(
β′γ′α′
)k−1
β′γ′ + b
(
β′γ′α′
)k
.
with b = λ2w = λ2du−3k+2.
Therefore, Λ is isomorphic to Q(2A)k(b). Clearly, b = 0 if and only if d = 0. 
Proposition 8.2. Let K be of characteristic 2, k > 2 a natural number, and b, c ∈ K. Then the K-algebras
Q(2A)k(b) and Q(2A)k(c) are isomorphic if and only if b5k−6 = c5k−6. In particular, if b ∈ K∗, then
Q(2A)k(b) is not isomorphic to Q(2A)k(0).
Proof. (1) Assume first that b5k−6 = c5k−6 and b, c ∈ K∗. We choose d ∈ K with d2 = b−1c. Then we have
an isomorphism of algebras h : Q(2A)k(b)→ Q(2A)k(c) given by
h(α) = d2α, h(β) = β, h(γ) = d3γ.
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Indeed, we have the equalities in Q(2A)k(c)
h
(
(βγα)k−1βγ + b(βγα)k
)
=
(
h(β)h(γ)h(α)
)k−1
h(β)h(γ) + b
(
h(β)h(γ)h(α)
)k
= d5k−2(βγα)k−1βγ + bd5k(βγα)k = d5k−2(βγα)k−1βγ + d5k−2c(βγα)k
= d5k−2
(
(βγα)k−1βγ + c(βγα)k
)
= d5k−2α2 = d5k−6
(
d4α2
)
= h(α)2,
because 1 = (b−1c)5k−6 = d2(5k−6) = (d5k−6)2 implies d5k−6 = 1 (K is of characteristic 2),
h
(
(αβγ)k−1αβ
)
=
(
h(α)h(β)h(γ)
)k−1
h(α)h(β) = d5k−3(αβγ)k−1αβ
= d5k−3βγβ = d5k−6β(d3γ)β = h(β)h(γ)h(β),
h
(
(γαβ)k−1γα
)
=
(
h(γ)h(α)h(β)
)k−1
h(γ)h(α) = d5k(γαβ)k−1γα
= d5kγβγ = d5k−6(d3γ)β(d3γ) = h(γ)h(β)h(γ),
and clearly h(α2β) = h(α)2h(β) = d4α2β = 0.
(2) Assume that there exists an isomorphism of K-algebras ϕ : Q(2A)k(b)→ Q(2A)k(c). We observe that
Q(2A)k(c) has a K-basis given by the elements:
(a) e1, (αβγ)
iα, (βγα)iβγ, (αβγ)j , (βγα)j , (αβγ)k = α3 = (βγα)k, 0 6 i 6 k − 1, 1 6 j 6 k − 1,
(b) β(γαβ)i, αβ(γαβ)i, 0 6 i 6 k − 1,
(c) γ(αβγ)i, γα(βγα)i, 0 6 i 6 k − 1,
(d) e2, γβ, (γαβ)
j , 1 6 j 6 k.
Then ϕ is given by the elements
ϕ(α) = A0 +A1 + A2 + A3,
ϕ(β) = B0 +B1,
ϕ(γ) = C0 + C1,
where we abbreviate
A0 =
k−1∑
i=0
a4iα(βγα)
i, A1 =
k−1∑
i=0
a4i+1βγ(αβγ)
i, A2 =
k−1∑
i=0
a4i+2(αβγ)
i+1, A3 =
k−2∑
i=0
a4i+3(βγα)
i+1,
B0 =
k−1∑
i=0
b2iβ(γαβ)
i, B1 =
k−1∑
i=0
b2i+1αβ(γαβ)
i, C0 =
k−1∑
i=0
c2iγ(αβγ)
i, C1 =
k−1∑
i=0
c2i+1γα(βγα)
i.
We observe that
A0A0 = a
2
0α
2, A0A2 = 0 = A3A0, A2A3 = 0 = A3A2,
A1A1 = 0, A1A3 = 0 = A2A1, C0B0 = b0c0γβ,
C1B1 = 0, C0B0C1 = 0, C0B0C0 = b0c
2
0γβγ,
B1C0B0 = 0, B0C0B0 = b
2
0c0βγβ.
because α2β = 0, αβγβ = 0, γβγα = 0, γα2 = 0.
Further, we have the equalities
ϕ
(
(γαβ)k−1γα
)
=
(
ϕ(γ)ϕ(α)ϕ(β)
)k−1
ϕ(γ)ϕ(α) = ak0b
k−1
0 c
k
0(γαβ)
k−1γα,
ϕ(γβγ) = ϕ(γ)ϕ(β)ϕ(γ) = C0B0C0 + C0B1C0 + C0B1C1 + C1B0C0 + C1B0C1,
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with
C0B1C0 =
( k−1∑
i=0
c2iγ(αβγ)
i
)( k−1∑
j=0
b2j+1αβ(γαβ)
j
)( k−1∑
l=0
c2lγ(αβγ)
l
)
=
k−2∑
m=0
( ∑
i,j,l>0;i+j+l=m
c2ib2j+1c2l
)
γ(αβγ)m+1,
C0B1C1 =
( k−1∑
i=0
c2iγ(αβγ)
i
)( k−1∑
j=0
b2j+1αβ(γαβ)
j
)( k−1∑
i=0
c2l+1γα(βγα)
l
)
=
k−2∑
m=0
( ∑
i,j,l>0;i+j+l=m
c2ib2j+1c2l+1
)
γ(αβγ)m+1α,
C1B0C0 =
( k−1∑
i=0
c2i+1γα(βγα)
i
)( k−1∑
j=0
b2jβ(γαβ)
j
)( k−1∑
l=0
c2lγ(αβγ)
l
)
=
k−2∑
m=0
( ∑
i,j,l>0;i+j+l=m
c2i+1b2jc2l
)
γ(αβγ)m+1,
C1B0C1 =
( k−1∑
i=0
c2i+1γα(βγα)
i
)( k−1∑
j=0
b2jβ(γαβ)
j
)( k−1∑
i=0
c2l+1γα(βγα)
l
)
=
k−2∑
m=0
( ∑
i,j,l>0;i+j+l=m
c2i+1b2jc2l+1
)
γ(αβγ)m+1α.
Since γβγ = (γαβ)k−1γα in Q(2A)k(b) and Q(2A)k(c), we obtain the equalities
∑
i,j,l>0;i+j+l=m
c2ib2j+1c2l +
∑
i,j,l>0;i+j+l=m
c2i+1b2jc2l = 0,(1)
∑
i,j,l>0;i+j+l=n
c2ib2j+1c2l+1 +
∑
i,j,l>0;i+j+l=n
c2i+1b2jc2l+1 = 0,
for m = 0, . . . , k − 2, n = 0, . . . , k − 3, and
∑
i,j,l>0;i+j+l=k−2
c2ib2j+1c2l+1 +
∑
i,j,l>0;i+j+l=k−2
c2i+1b2jc2l+1 + a
k
0b
k−1
0 c
k
0 = b0c
2
0.(2)
Similarly, we have the equalities
ϕ
(
(βγα)k−1βγ
)
=
(
ϕ(β)ϕ(γ)ϕ(α)
)k−1
ϕ(β)ϕ(γ) = ak−10 (b0c0)
k(βγα)k−1βγ + (a0b0c0)
k−1(b1c0 + b0c1)(βγα)
k,
ϕ
(
b(βγα)k
)
= b
(
ϕ(β)ϕ(γ)ϕ(α)
)k
= b(a0b0c0)
k(βγα)k,
ϕ
(
α2
)
= ϕ(α)2 =
∑
06i,j63
AiAj ,
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where
A0A1 =
( k−1∑
i=0
a4iα(βγα)
i
)( k−1∑
j=0
a4j+1βγ(αβγ)
j
)
=
k−1∑
m=0
( ∑
i,j>0;i+j=m
a4ia4j+1
)
(αβγ)m+1,
A2A2 =
( k−1∑
i=0
a4i+2(αβγ)
i+1
)2
=
k−2∑
m=0
( ∑
i,j>0;i+j=m
a4i+2a4j+2
)
(αβγ)m+2,
A1A0 =
( k−1∑
i=0
a4i+1βγ(αβγ)
i
)( k−1∑
j=0
a4jα(βγα)
j
)
=
k−1∑
m=0
( ∑
i,j>0;i+j=m
a4i+1a4j
)
(βγα)m+1,
A3A3 =
( k−2∑
i=0
a4i+3(βγα)
i+1
)2
=
k−2∑
m=0
( ∑
i,j>0;i+j=m
a4i+3a4j+3
)
(βγα)m+2,
A0A3 =
( k−1∑
i=0
a4iα(βγα)
i
)( k−1∑
j=0
a4j+3(βγα)
j+1
)
=
k−2∑
m=0
( ∑
i,j>0;i+j=m
a4ia4j+3
)
(αβγ)m+1α,
A2A0 =
( k−1∑
i=0
a4i+2(αβγ)
i+1
)( k−1∑
j=0
a4jα(βγα)
j
)
=
k−2∑
m=0
( ∑
i,j>0;i+j=m
a4i+2a4j+2
)
(αβγ)m+1α,
A1A2 =
( k−1∑
i=0
a4i+1βγ(αβγ)
i
)( k−1∑
j=0
a4j+2(αβγ)
j+1
)
=
k−2∑
m=0
( ∑
i,j>0;i+j=m
a4i+1a4j+2
)
βγ(αβγ)m+1,
A3A1 =
( k−2∑
i=0
a4i+3(βγα)
i+1
)( k−1∑
j=0
a4j+1βγ(αβγ)
j
)
=
k−2∑
m=0
( ∑
i,j>0;i+j=m
a4i+3a4j+1
)
βγ(αβγ)m+1.
Since, α2 = (βγα)k−1βγ+ b(βγα)k in Q(2A)k(b) and α2 = (βγα)k−1βγ+ c(βγα)k in Q(2A)k(c), we have
ak−10 (b0c0)
k −
∑
i,j>0;i+j=k−2
a4i+1a4j+2 −
∑
i,j>0;i+j=k−2
a4i+3a4j+1 = a
2
0,(3)
(a0b0c0)
k−1(b1c0 + b0c1) + b(a0b0c0)
k −
∑
i,j>0;i+j=k−1
a4ia4j+1(4)
−
∑
i,j>0;i+j=k−2
a4i+2a4j+2 −
∑
i,j>0;i+j=k−1
a4i+1a4j −
∑
i,j>0;i+j=k−2
a4i+3a4j+3 = ca
2
0,
a0a1 = 0,∑
i,j>0;i+j=n+1
a4ia4j+1 +
∑
i,j>0;i+j=n
a4i+2a4j+2 = 0,
∑
i,j>0;i+j=n+1
a4i+1a4j +
∑
i,j>0;i+j=n
a4i+3a4j+3 = 0,
∑
i,j>0;i+j=m
a4ia4j+3 +
∑
i,j>0;i+j=m
a4i+2a4j = 0,(5)
∑
i,j>0;i+j=m
a4i+1a4j+2 +
∑
i,j>0;i+j=m
a4i+3a4j+1 = 0,
for m = 0, . . . , k − 2, n = 0, . . . , k − 3.
We prove now inductively that
a4i+2 + a4i+3 = 0, for i = 0, . . . , k − 2.(6)
Indeed, recall that a0 6= 0 from assumption. Then from (5) with m = 0 we have a0a2 + a0a3 = 0, and hence
a2+ a3 = 0. Let m ∈ {1, . . . , k− 2} and assume that a4i+2+ a4i+3 = 0 for i < m. Then, applying again (5),
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we obtain
a0(a4m+2 + a4m+3) =
m∑
i=0
a4(m−i)(a4i+2 + a4i+3) =
∑
i,j>0;i+j=m
a4ia4j+3 +
∑
i,j>0;i+j=m
a4i+2a4j = 0.
Then we conclude that a4m+2 + a4m+3 = 0 (because a0 6= 0), so it proves (6).
Dually we show the equalities∑
i,j>0;i+j=m
c2ib2j+1 +
∑
i,j>0;i+j=m
c2i+1b2j = 0, for m = 0, . . . , k − 2.(7)
We obtain from (1) with m = 0 the equality
(c0b1 + c1b0)c0 = 0,
so, since c0 6= 0, we obtain the required equality
c0b1 + c1b0 = 0.
Let m ∈ {1, . . . , k − 2} and assume that
∑
i,j>0;i+j=l c2ib2j+1 +
∑
i,j>0;i+j=l c2i+1b2j = 0 for l < m. Then,
applying it to (1), we obtain
( ∑
i,j>0;i+j=m
c2ib2j+1 +
∑
i,j>0;i+j=m
c2i+1b2j
)
c0 =
m∑
l=0
( ∑
i,j>0;i+j=m−l
c2ib2j+1 +
∑
i,j>0;i+j=m−l
c2i+1b2j
)
c2l
=
∑
i,j,l>0;i+j+l=m
c2ib2j+1c2l +
∑
i,j,l>0;i+j+l=m
c2i+1b2jc2l = 0.
Therefore, we obtain (7) because c0 6= 0.
Further, applying (7) to (2) we obtain
ak0b
k−1
0 c
k
0 = b0c
2
0.(8)
Moreover, applying (6) to (3) we obtain
ak−10 (b0c0)
k = a20.(9)
Furthermore, applying (6) and (7) to (4) we obtain
b(a0b0c0)
k = b(a0b0c0)
k − 2
∑
i,j>0;i+j=k−1
a4ia4j+1 = ca
2
0.(10)
We note that (8) is equivalent to
ak0(b0c0)
k−2 = 1K ,(11)
and from (8) and (9) it follows that
a30 = (a0b0c0)
k = (b0c0)
2.(12)
Applying (12) to (11) we obtain
a5k−60 = a
2k
0
(
a30
)k−2
=
(
ak0(b0c0)
k−2
)2
= 1K .(13)
Further, applying (12) to (10) we obtain
c = ba0 − 2a
−2
0
∑
i,j>0;i+j=k−1
a4ia4j+1 = ba0.(14)
Finally, we conclude from (13) and (14) that b5k−6 = (ba0)
5k−6 = c5k−6. 
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9. Algebras Q(2B)t3(a, b)
Let (Q, f) be the triangulation quiver
1α
$$ β // 2
γ
oo ηdd
with f -orbits (α) and (β η γ). Then we have the g-orbits O(α) = (α β γ) and O(η) = (η), and ∂(Q, f) = {1}.
For a natural number t > 3, a ∈ K∗, b ∈ K, we denote by Q(2B)t3(a, b) the algebra given by the quiver Q
and the relations:
αβ = βη, ηγ = γα, α2 = βγ + bα3, γβ = aηt−1,
α4 = 0, ηt+1 = 0, γα2 = 0, α2β = 0.
(compare [8, Theorem VII.7.3(ii)]).
Proposition 9.1. Let t > 3 be a natural number and Λ = Λ(Q, f,m•, c•, b•) be a socle deformed weighted
triangulation algebra of the above triangulation quiver (Q, f) with mO(α) = 1 and mO(η) = t. Then Λ is
isomorphic to an algebra Q(2B)t3(a, b) with a ∈ K \ {0, 1} for t = 3, and a = 1 for t > 4. Moreover, b = 0 if
and only if b• is zero.
Proof. Let c1 = cO(α), c2 = cO(η), and d = b1. Since mO(α) = 1, it follows from the general assumption
that η is not virtual, and hence t = mO(η) > 3 (see also [14, Example 3.1(2)]. The algebra Λ is given by the
quiver Q and the relations:
βη = c1αβ, ηγ = c1γα, γβ = c2η
t−1, α2 = c1βγ + b1βγα,
α2β = 0, βη2 = 0, ηγα = 0, γβγ = 0,
αβη = 0, βγβ = 0, η2γ = 0, γα2 = 0.
Moreover, we have
α3 = c1βγα+ b1βγα
2 = c1βγα, and hence
α2 = c1βγ + c
−1
1 b1α
3.
A direct checking shows that Λ is given by the quiver Q, the four commutativity relations, and the four zero
relations
α4 = 0, ηt+1 = 0, α2β = 0, γα2 = 0.
Let u be an element in K with u2 = c−11 , and α
∗ = uα, η∗ = u3η. Then we have the equalities
α∗β = βη∗, η∗γ = γα∗, γβ = c2u
−3(t−1)(η∗)t−1,
(
α∗
)2
= βγ + u4b1α
3,(
α∗
)4
= 0,
(
η∗
)t+1
= 0,
(
α∗
)2
β = 0, γ
(
α∗
)2
= 0.
Therefore, Λ is isomorphic to the algebra Q(2B)t3(a, b) with a = c2u
−3(t−1) ∈ K∗ and b = u4b1 ∈ K. We
note that b = 0 if and only if b1 = 0.
Assume now that t > 4. We take v ∈ K such that vt−3 = a, and α′ = vα∗, β′ = vβ, γ′ = vγ, η′ = vη∗.
Then we obtain the equalities
α′β′ = β′η′, η′γ′ = γ′α′, γ′β′ = (η′)t−1, (α′)2 = β′γ′ + v−1b(α′)3,
(α′)4 = 0, (η′)t+1 = 0, (α′)2β′ = 0, γ′(α′)2 = 0.
Therefore, Λ is isomorphic to Q(2B)t3(1, b
′) with b′ = v−1b.
Finally, assume that t = 3. Then Λ′ = Q(2B)t3(a, 0) is the disc algebra D(a) considered in [14, Exam-
ple 3.1(1)], and consequently a non-singular disc algebra, by our general assumption. Hence a ∈ K\{0, 1}. 
For t > 4 and b ∈ K, we abbreviate Q(2B)t3(b) = Q(2B)
t
3(1, b). If K is of characteristic different from
2, then it follows from Proposition 2.3 that Q(2B)t3(b) is isomorphic to Q(2B)
t
3(0). Otherwise, we have the
following surprising fact.
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Proposition 9.2. Let K be of characteristic 2, and t > 4.
(i) If t is even, then Q(2B)t3(b) is isomorphic to Q(2B)
t
3(0) for any b ∈ K.
(ii) If t is odd and b, c ∈ K, then the algebras Q(2B)t3(b) and Q(2B)
t
3(c) are isomorphic if and only if
bt−3 = ct−3.
Proof. (i) Assume t is even and b ∈ K. Then there is an isomorphism of K-algebras h : Q(2B)t3(b) →
Q(2B)t3(0) given by h(α) = α, h(β) = β, h(γ) = γ + bγα, h(η) = η + bη
2. Indeed, we have the equalities in
Q(2B)3(0)
h(αβ) = h(α)h(β) = αβ = βη = β
(
η + bη2
)
= h(β)h(η) = h(βη),
h(ηγ) = h(η)h(γ) =
(
η + bη2
)
(γ + bγα) = ηγ = γα = (γ + bγα)α = h(γ)h(α) = h(γα),
h(βγ) = h(β)h(γ) = β(γ + bγα) = βγ + bβγα = α2 + bα3 = h(α)2 + bh(α)3 = h
(
α2 + bα3
)
,
h(γβ) = h(γ)h(β) = (γ + bγα)β = γβ + bγαβ = ηt−1 + bηt = ηt−1 + (t− 1)bηt =
(
η + bη2
)t−1
= h(η)t−1 = h
(
ηt−1
)
,
because γαβ = γβη = ηt−1η = ηt, t is even, and K is of characteristic 2.
(ii) Assume t is odd and b, c ∈ K.
(1) Assume that bt−3 = ct−3. Then there is an isomorphism of K-algebras ψ : Q(2B)t3(b)→ Q(2B)
t
3(c)
given by ψ(α) = b−1cα, ψ(β) = b−1cβ, ψ(γ) = b−1cγ, ψ(η) = b−1cη.
Observe that the following equalities hold in Q(2B)t3(c)
ψ(βγ) = ψ(β)ψ(γ) = b−2c2βγ = b−2c2α2 + b−2c3α3 =
(
b−1cα
)2
+ b
(
b−1cα
)3
= ψ(α)2 + bψ(α)3
= ψ
(
α2 + bα3
)
,
ψ(γβ) = ψ(γ)ψ(β) = b−2c2γβ = b−2c2ηt−1 =
(
b−1cη
)t−1
= ψ(η)t−1 = ψ
(
ηt−1
)
,
because
(
b−1c
)t−1
= b−2c2b−(t−3)ct−3 = b−2c2.
(2) Assume that there exists a K-algebra isomorphism ϕ : Q(2B)t3(b)→ Q(2B)
t
3(c). Then ϕ is given by
ϕ(α) = a0α+ a1α
2 + a2α
3, ϕ(β) = b0β + b1αβ, ϕ(γ) = c0γ + c1γα, ϕ(η) =
t−1∑
i=0
diη
i+1,
for some a0, b0, c0, d0 ∈ K
∗, a1, a2, b1, c1, di ∈ K, for 1 6 i 6 t− 1. We have the equalities in Q(2B)
t
3(c)
0 = ϕ(0) = ϕ(αβ − βη) = ϕ(α)ϕ(β) − ϕ(β)ϕ(η) = a0b0αβ − b0d0βη = (a0 − d0)b0αβ,
0 = ϕ(0) = ϕ
(
βγ − α2 − bα3
)
= ϕ(β)ϕ(γ) − ϕ(α)2 − bϕ(α)3
= b0c0βγ − a
2
0α
2 −
(
2a0a1 + ba
3
0 − (b0c1 + b1c0)
)
α3 = (b0c0 − a
2
0)α
2 +
(
b0c0c+ (b0c1 + b1c0)− ba
3
0
)
α3,
0 = ϕ(0) = ϕ
(
γβ − ηt−1
)
= ϕ(γ)ϕ(β) − ϕ(η)t−1 = b0c0γβ − d
t−1
0 η
t−1 −
(
(t− 1)dt−20 d1 − (b0c1 + b1c0)
)
ηt
=
(
b0c0 − d
t−1
0
)
ηt−1 + (b0c1 + b1c0)η
t,
because t is odd and K is of characteristic 2. Hence we conclude that
a0 = d0, a
2
0 = b0c0 = d
t−1
0 , b0c1 + b1c0 = 0, b0c0c = ba
3
0.
In particular, we have dt−30 = d
−2
0 b0c0 = a
−2
0 b0c0 = 1 and b
−1c = (b0c0)
−1a30 = a
−2
0 a
3
0 = a0 = d0 Therefore,
bt−3 = ct−3. 
The following proposition follows from the proof of [3, Lemma 5.4].
Proposition 9.3. Let K be of characteristic 2, and a ∈ K \ {0, 1}. Then the following statements hold.
(i) For any b ∈ K∗, the algebras Q(2B)33(a, b) and Q(2B)
3
3(a, 1) are isomorphic.
(ii) The algebras Q(2B)33(a, 1) and Q(2B)
3
3(a, 0) are not isomorphic.
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10. Proof of Theorem 1.3
We present first the following known general result (see [22, Theorem 2.9]) with its elementary proof, for
convenience of the reader.
Proposition 10.1. Let A and B be isomorphic basic algebras, and e1, . . . , en and f1, . . . , fn complete sets
of orthogonal primitive idempotents of A and B, respectively. Then there exists a K-algebra isomorphism
ϕ : A→ B such that ϕ(ei) = fi for any i ∈ {1, . . . , n}.
Proof. Let ψ : A → B be a K-algebra isomorphism. Since ψ(e1), . . . , ψ(en) is a complete set of pairwise
orthogonal primitive idempotents of B, we have two decompositions
B =
n⊕
i=1
ψ(ei)B =
n⊕
i=1
fiB
into direct sum of indecomposable projective B-modules. By the Krull-Schmidt Theorem there exists a
permutation σ of {1, . . . , n} such that ψ(ei)B = fσ(i)B in modB for any i ∈ {1, . . . , n}. The isomorphisms
are induced by left multiplications of elements of B by elements ui ∈ fσ(i)Bψ(ei) and vi ∈ ψ(ei)Bfσ(i)
satisfying uivi = fσ(i) and viui = ψ(ei) for any i ∈ {1, . . . , n}. Then u =
∑n
i=1 ui is invertible to v =
∑n
i=1 vi
in B. We can define the inner automorphism θ of B by θ(B) = ubu−1 for all b ∈ B, and the composition
ϕ = θψ. Then ϕ : A→ B is a K-algebra isomorphism such that ϕ(ei) = fσ(i) for any i ∈ {1, . . . , n}. 
Assume that Λ = Λ(S, ~T ,m•, c•, b•) is a socle deformed weighted surface algebra, with a non-zero border
function b• over an algebraically closed field K of characteristic 2, and Λ
′ = Λ(S, ~T ,m•, c•). We recall that,
by our general assumption, Λ′ is not the singular disc algebra D(1). It follows from Propositions 9.1 and 9.2
that the required equivalence of Theorem 1.3 holds if Λ is isomorphic to an algebra Q(2B)t3(b) with t > 4
and b ∈ K∗. Therefore, we assume that Λ is not such an algebra Q(2B)t3(b). We claim that then the algebras
Λ and Λ′ are not isomorphic.
Let (Q, f) = (Q(S, ~T ), f), and Q = (Q0, Q1, s, t). Since the border function b• is non-zero, there is a
border loop α of (Q, f) with bs(α) 6= 0. Moreover, we have α¯ = g(α) and nα > 3.
(1) Assume that |Q0| > 3. We note that then f(α¯) is not a loop. Then the claim follows by
• Propositions 5.1 and 5.2, if mO(α) > 2;
• Lemma 6.1 and Proposition 6.2, if mO(α) = 1 and O(α) 6= O(f(α¯));
• Lemma 7.1 and Proposition 7.2, if mO(α) = 1 and O(α) = O(f(α¯)).
(2) Assume that |Q0| = 2. Then (Q, f) is of the form
1α
$$ β // 2
γ
oo ηdd
with f -orbits (α), (β η γ). Then we have the g-orbits O(α) = (α β γ) and O(η) = (η), and ∂(Q, f) = {1}.
We note that α¯ = β and η = f(α¯). Assume first that mO(α) > 2. If η is not virtual, then the claim follows
from Propositions 5.1 and 5.2. Further, if η is virtual and k = mO(α) > 2, then applying Proposition 8.1
(and its proof) we conclude that Λ is isomorphic to Q(2A)k(b) with b ∈ K∗. Then the claim follows from
Proposition 8.2. Finally, if mO(α) = 1, then the claim follows from Propositions 9.1, 9.2 and 9.3.
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